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March 25, 2000

To: JOAS members
Re: The 19th year Annual Special Issue or the Regular JOAS Members

Dear JOAS Members,

As usual, we thank you for your cooperation and contributions to the activities of
JOAS. As a part of our compliments and as a token of our gratitude, we are sending
an annual special issue every year.

In this year, we will send you an article "A Design Method for 3D Origami Based
on Rotational Sweep" by Mitani Jun and diagrams, “Horse” by Kamiya Satoshi.
‘We hope that you will all continue to support JOAS.

Thank you.
Maekawa Jun
Chira the Board of JOAS
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ABSTRACT
In this paper, a method for designing origami in which shape is bzscd on rhe 3D
seometry generated by th rotational sweep that is commorly
systems is proposed. The target shape is designed by mmnng a rwo d&mensxoml
pulylme around an axis by a unit 0’ BGO/N degrees (N > 2). To make a shape with a
single sheet of paper, appropriate flaps are placed in between the constituent
polygonal faces that consutte.the elements of the targt: shape. The proposed
enerates a crease pattern, Le. a specification document consisting of
mountain/valley fold lines, for folding the origami. Because the shape becomes
'smoother if we set the input polyline to be finer and N larger, this method can also
produce approximate designs for three-dimensional curved origami. This paper
Gescribes two principal types of rotational shae origami construction; cylindrica and
L. rigami are folded from a rectangle and a regular N-gon sheet of paper,
respectively. The proposed method was implemented on a PC and its validity was
demonstrated by constructing several 3D origami.
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1. INTRODUCTION
Origami is a form of amusement and art that involves folding paper. In origami, a sheet of paper can
be folded to form a variety of shapes. Recently, because it has become common to use computers
when desgning origami, sophisticated artworks that were previously (mpossible have been created
re are various genres In origani,this paper expbins a method for desiging origami with
shapec based on three-dimensional (3D) geometry by means of a rotational sweep that is commonly
systems. The {arget shape is Gesigned by rotatng a two-dmensional (D) polyine
around an sxis in 360/N degree (N 5 3) intervls, Two ypica forms of rotationally symmetric rigami
(cylindrical and conical) are discussed. Fig. 1 and Fig. 2 show simple examples. Fig. 1 shows a
ylindrical-type origami; Fig. 2 shows a conical-type origami. In each figure, (a) is the photo of the
origami work made by foding an actal sheet of paper while () descibes e rease pattemn n this
paper, the red solid and blue dashed lines in the various crease patterns denote mountain and valley
Tods, espectivey. The shape of the sheat of paper for & ylndrcal origami 1 a rectangle (. 10y
gon for a conical origami (Fig. 2(b)). While rmally agreed that an origami shape
should be designed using just a single square, this restriction was not applicd. Instead, in this paper, it
was assumed that the most important property of origami making is creating a shape from a sheet of
paper without tears and/or distortions.
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Fig. 1: (a) Photo of the cylindrical-type origami. (b) The crease pattern.
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Fig 2: @) Poto of the conica-ype origami 1 e crease pattern.
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Although some conical-type origami works have been created in the past, and photos of such work can
be seen on the Internet [8], no documents that describe a method of designing the shapes, and/or
algorithms explaining how to generate their crease patterns, could be identified. This paper presents
algorithms for generating the crease pattern of the target shape from an input polyline in two ways,
after which examples that were designed using this system will be presented.

Basically, the surfaces that can be made from a single sheet of ! porer without tears and distortions are
limited only to developabie surfaces such as a cone, cylinder and tangent developable surfaces.
These sufaces contaih seraight-ine slements, and have 7ero Gaussian curvasure, On the othes hand. 1
is possible for surfaces that are generated by rotational sweep to have pnﬂnw: or negative Gaussian
curvature, as shown in Fig. 3. Hence, the method required to make an arbitrary shape that is generated
by rotational sweep, using a single sheet of paper, is not straightforward.

Sauss

Fig. 3: From left (o right: a surface of negative Gaussian curvature (hyperboloid), a surface of zero
Gaslan curvatre (ylnder), and & surface of poSitive Gatssian curvaure (sphere, (Tns image 1s
lmm \uhmdel

Eiblin, RO ABELHOME (RBE) . H Y ABEHYEOlE () | EOH 2k
fm/)mm (3) (Wikipedial4] & 0 31/8)

In the proposed method, appropriate flaps are placed in between the constituent polygonal faces to
make it possible to represent surfaces of non-zero Gaussian curvature using a single sheet of paper.
Although the target shapes are represented by a set of polygons, the shape approximates a set of
curved surfaces by making the generator polyline (input by a user) smoother and the divisor N larger.

In this paper, the concept of making crease patterns used for generalized rotational shape origami is
descrbed, and methods for making two standard types of crease patterns (ylindrical and conical), by

Gestgn fhew 3D origami with a simple Interface, such as specifying & generator poling, by clickng on
& screen. This method s applicable for designing paper ar objecs or industrially useful items such as
gift boxes and lampshades. By using the system to visualize the resultant shape as a 3 mage
Before olding an actuala sheet of paper. the ine used o trizl and error can be considerably reduce.




In section 2, related studies are introduced. In section 3, the generation of a crease pattern for a
rotational sweep object as a preliminary is described. The details of the proposed method are
described in section 4. The results are shown in section 5. The proposed system and some extensions
are presented in section 6. Finally, conclusions are presented in section 7.
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2. RELATED WORK
By folding a sie of paper, various shapes can e produced. Many studies hiave ivesigated the
geometry of origami. Recently, origami has been recopnized as & topic or selentiic sty snce 1t has

St aptcation i such Relis o ebotics cture, and industrial packaging (see the recent book
By Dentaine and ORourke 21 for & comprebensive survey

As techniques for designing s of conplicated shagies usiug Somputers are b staded,

some useful applications have appeared. For example, an application “Tess" (1], which generates crease
patterns for an Origami Tmellzman that nvaives & twist 104 n a repeating pattern, i avalable n the
internet. An application “Tree Maker” (7], which is also available on the Internet, generates crease

patterns of origami bases from a o figure (the “tree”). This application aids designers in the creation
of a crease pattern for the basic structure of the target shape. The target shape can be complicated (e.g.,
shapes of animals, including insects). In contrast with most studies (including the two above-
mentioned applications), which focus on flat foldable origami, the target of this present study is 3D
structured origami. While designing 3D origami is a difficult feat, designing 3D origami with curved
surfaces is even more difficult. Although there are few studies about curved origami, Huffman (3],



Fuchs and Tabachnikov (3] studied the basic theory of curved folding. Recently, Killan et. al. [6] have
proposed a method lor constructing a curved origami shape using a computer. The method utilized in
this paper makes ible to generate a 3D shape as a set of polygons, which in turn makes possible
v ovigar with degns oeated using amal polygons.

‘The “Origamizer”, a software program developed by Tachi [10], can generate a crease pattern for an
arbitrary polygonal model that has the topology of a disk. The outstanding advantage of his software s
wide applicability as most 3D shapes can be modified so that they have the topology of a
simply by adding some cuts. Using tis software, Tachi managed to generate crease pattems for very
‘omplicated 3D shapes [9]. The basic idea of his approach s to place clearances between each polygon
o the unfolded pattern and to consiruct Tlaps From I pehind the target shape: e calle 1his racking’
Although the Origamizer works for rotational shapes as well, the generated patterns tend to be overly
omplicated for a simple model. For example, Fig. 4 shows a simple polygonal model and the crease
pattern generated by Origamizer. Though the appearance of the folded origami becomes equivalent to
that of the target shape by hiding flaps behind the shape (inside the model), it might be thought that
the pattern is too complicated. The method described herein, on the other hand, generates a simple
pattern by making flaps placed in the foreground of the target shape as shown in Fig, 1 and Fig. 2. Even
though the flaps are essentially unnecessary for representing the target shape, and might
considered obtrusive, this approach results in the construction of 3D curved origami from simple
crease patterns.

Fig. 4:3D polygunaJ model (left) and the crease pattern (right) generated with Or‘.gdmuer 1oL,
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3. PRELIMINARY

Before describing the details of the proposed method, the basic idea of making crease patterns for a

slmple rotarional shape will be explined. Snce the target model s generated by rotating  polylne
und an axis in 360/N degree intervals, the model consists of a set of trapezoids. Fig. 5(a) shows a

Simple example which is generated with the simplest polyline, which has ont ne segen, s Net

‘The unfolded pattern of this model, which has 6 trapezoids, becomes Fig. 5(b). The two dots indicate

that the two edges are identified when the design is folded.

B .0

@

Fig. 5: () An example of a simple target shape. (b) The unfolded pattern for (a).
5. (a) NEREA AR (b) MR

In this paper, two different approaches o construct rotational shapes from a single sheet of paper are
proposed. The first involves a rectangle, resulting in origami of cylindrical type. The second involves an
N-gon disk, resulting in origami of conical type. We consider that an origami of cylindrical type is made
from a cylinder by filling the gap between the target shape and a cylinder by adding adequate flaps. A
conical type origami is made using a cone such that the sum of the angles around the apex is 360
degrees (expressed more precisely, it is a “flat disk"). For example, when we consider making the shape
of Fig. 5(a) from a rectangle (cylindrical type) and a hexagon (conical type), the pattern becomes as
shown in Fig. 6(a) and Fig. 6(b), respectively. The unnecessary area colored in light gray interleaved
between two trapezoids is folded as flaps. The folded shape for the cylindrical version is indicated in
Fig. 7. The shape for the conical version is almost the same, except for the shape of the flaps.

ry

Fig. 6 Crease pattems of Flg. (a. e ylinricl type. ) Equialent coical type
6. B S@QORME. (2) FHES A 7 (b) i 1
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Fig. 7 Folded shape with flaps.
R L TH - LT

As shown in Fig, 8(a), a flap that contains a point P in the folded origami can rotate freely, even to the
inside of the shape, around the edge AB located between neighboring two trapezoids, Fo and Fi.
Although the vertex P can move freely when the model has only a single stage, this is not the case
when the model has multiple stages, as is shown in Fig. 8(b). The vertex P is restricted so that it lies on
ntains one of the trapezoids. This is because there are only two common points
between the loci generated by rotating P around the axes AB and BC. Although there are two possible
own'in Fig. 8(b), no effort is made to distinguish between these two in the following
explanations because one is simply a mirror symmetric version of the other.

@ ®

i 8 @) A fla canrotte when the s only asinglestage. () A flap is restrined fo on of two
positions when there are two stag
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When we take the axis of rotational sweep to be vertical, the horizontal cross section of the folded
shape becomes as shown in Fig. 9. When we express the total length of the girth of the cross section

including flaps as Nw, the size of a flap 4 at the cross section can be expressed as b=

—rsin, where
27N

ris the radius of the circumcircle, since we have a+2b=w and a=: erm—. When the target is of
cylindrical type, wis constant.
b, a =7

Fig. 9: Cross section of a target shape with flaps.
B9, ASTROWE (VEEEL)
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4. METHOD
Based on the idea described in the previous section, the algorithms used to generate crease patterns
from an input polyline are introduced for a cylindrical-type origami and a conical-type origami.
41N
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4.1 Input
We assume that the input is a 2D polyline, L., a sequence of n vertices, £, that has r-l line
segments as shown in Fig. 10. For the convenience of later explanation, we define 1, =[P, - £,,]. The

target shape is generated by rotating the polyline around the y axis by a unit of 360/N degrees. For a
conical-type origami, 7, should lie on the rotational axis.

v, P

Fig. 10: Input polyline on 2D is defined as a aequmu: of nvertices, £,
10 AN ETS 2D DI, By by, nBOT DRSNS,
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4.2 Coordinates of vertices on the crease pattern

421 ylindrical-
Since the m appears repeatedly N times (see Fig. 1(b) in the cylindrical crease pattern, we
only have 10 Consr the crase pattern nside & Singe unierectangle & rectangle of midah o Thet we
can obtain the complete crease pattern simply by repeating the unit rectangle N times in the direction
of the x axis. ,, which is the position in the unit rectangle corresponding to 7, (see Fig. 11), and
which is defined using the following equations.

Y op
Pty =L Bysin s
o
)

LR >0
P,.and P, denote the x coordinate and the y coordinate of the vertex P, in the crease pattern
coordinates respectively. ,, and £, denote the x coordinate and the y coordinate of vertex 7, in the
input coordinate system, respectively. 4, and b, correspond to a and b in Fig. 9 on the cross section at
£, As described by the above equations, 7, can be identified simply with £,,.. On the other hand,

P, is identified with P',_,, and /.. w has to be larger than a, :m,sm%m all n because the size of

the flap 4, cannot be negative. This means that the smallest value for w is max(2F, sm%).
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Fig.11: Coordinatesof each vrtex n the unit of a cresse pattemn umlmdmal type.
B 11 BREOEATEN TOFHAOEME (REES

4.2.2 Conical-type.

For 2 conicaltype origam, the shape of 8 unit becomes an fsoscels wiangle with an apex angle of
360/N degrees. Similar to the cylindrical-type, the whole crease patter be obtained by repeating
the unit N times around the apex. When. we consder the coordinate system Shown In H. 12, the
coordinates of each point P, are represented by the following equation:

0 (n1=0)

Pyafiap, o

== bsin g

Fig. 12: Coordinates of vertices in the unit of a crease pattern of conical type.
BEMROEAERACOETAORE (FH5 1 7)

since the x coordinate of the first vertex of an input polyline £, s zero as described in Section 4.1
Pis placed at the origin. 7',, can be identified simply with 7. On the other hand, P, is identified

cand 1,y
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4.3 Mountain/Valley flags of folding lines
To fold origami correctly, the mountain/valley flag must be set for each folding line on the crease
pattern. In Fig. 13, which shows a part of the folded shape, mountain lines and valley lines are colored
in red and blue, respectively. The folding lines used for making ridges of the flaps (AB and BC in Fig.
13) are flagged as mountain. On the other hand, the folding lines between a flap and a trapezoid (AD
and DC in Fig. 13) are flagged as valley. As a result, the flags of these lines are automatically defined.
Contrariwise, the flags of horizontal folding lines (EB and DF in Fig. 13) alter depending on the angle
between vertically connected trapezoids. This can be defined by secing the angle between two
connected line segments in the input polyline.

Fig. 13: Flags of folding Tk M foes and valey lines are columd I3 red and blue, respectively.
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4.4 3D geometric model
‘The appearance of the folded origami is not actually the same as that generated by rotating the input
polyline because additional flaps are placed outside it. Thus, previewing the folded shape s useful in
reducing rial and erro. To do this it s necessary o construct a 3D geometric model an a PC. This is

imple program. After the rotated shape is generated with a common rotational sweep
Slgortim sed i standird CG software, 1aps are sdded 56 har they i on pance conaming s
neighboring trapezoid. The size of a flap is determined by the value 5, described in the Preliminary
section.
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5. RESULT
We implemented the proposed methods using a PC and found that users can design origami shapes by
specifying a polyline. The polyline is specified by simply clicking points in the application window. The
system automatically generates a crease pattern and a_corresponding 3D model based on the

14 and Fig. 15, respectively. In the figures, the input polyline, the constructed 3D geomerry, the crease
pattern, and the photo of the folded origami are shown from left to right. N is set 10 8 for all examples
except Fig. 15(a), where N is set 1o 12. The input polylines for Fig. 14(b) and Fig. 14(c) are generated by
calculation so that the target shape becomes a mathematically appropriate hyperboloid and sphere.
Others are input manually.

©

Fig. 14 Cylndrialtype eammpls: o) Bll. () Hypesbololdl. (0 Spbere. From left o righ: nput, the
constructed 3D geometry, the crease pattern, and the photo of folded origa

B 14. B A 7 OB, @~1b) Rl © ®, ZhEnEsoN D s R, fEs0BR,




Fig. 15: Conical-type examples. () Vase. (b) Chestnut. From left to right: input, the constructed 3D
‘geometry, the crease pattern, and the photo of folded origami.
B 15. A5 1 708, @ER DFEOK, ThThmnsMic, AN, 3D 7L, BWE, EHOTH,
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6. DISCUSSION
6.1 Approximation to curved origami

‘The shapes generated with the proposed method consist of a set of polygons. By making N larger and
the input polyline finer, the shape becomes smoother. Although it is difficult to fold the origami by
hand if N is large, making the iny yline finer does not change the difficulty significantly. In fact,
we can omit the horizontal folding lines if the folding angles are close to 180 degrees. Hence, a smooth
input polyline simplifies the folding task. For example, Fig. 14(b) and Fig. 14(c) can be folded without
horizontal lines by assuming that the model consists of curved surfaces.

FE5 I, KOl 2 i) OBREDHD, LboLBENIE, BOKESHYE @ 11 50
b, OMHEE) DRFTHY BB ERTES, TOLSRBFE (BlA) EFESZE LT, ZOTMA
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16 16(a) & 16(0)ick L TROMBEEE LA bOTHS,
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TRTARD/SY 2= a > S BIHICT 2 LA TRL 25, WAITE 18 0L 5 2R LRBAETHS,

A indhcared o g 80), the flaps can be positoned in two ways. A partular cholce can be switcted at
the point where b, (m m 11) is zero. This is called the turning point. If we see the flaps as part of 1
desgn, this cholce can add variations to the sl e same input polyline. For
Cxanmple, Fe. 160 and 1668 shows vl Fig. 16(@) and 16(c), respectively. The position of the
{labs located n the upper half f Fig. 166, and the posiion of Naps located.on the middle owo stages
of Fig, 16(c) are flippet

(@ ) © @
Fig. 16: Flaps on the upper half of (a) are flipped in (b). Flaps in the middle two stages of (c) are flipped
in ()

B 16. @0 b OBb), ST L OB,

Boseally, the conrdinates ofthe  exis (the axisof rotaton) of the vertcesof the nput polyine have to
be monotonically increasing or decreasing, ie. £,,, S £,,(1Sn<N) O £, 2/,,(1Sn<N), in order 0
woid penetration of the paper. Fig. 17 shows an (-\amph- In which there are peneations. The
polygonal faces of generated shapes are colored s0 that the penetraions can be seen clea
the red face e Howore, the direchon of the Inp byt long ity
s cabe Tpped a the furaing point wihout penetraions because the widh of the fap af tha poirs
becomes zero. This fact incre: e number of possible variations in the design. For example, a
shape such as Fig. 18 is possible.
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3 Inpu polyine, ) Cenerated shape froms () with =
17, (a) Af & LEATRE, (b)N:

Fig. 17:




@ ®)
Fig. 18: (&) Input polyline. The direction of the line segment (along the y axis) is changed at 7, . (b)
Generated shape from (a) with N=8,
18, a) Ay & LEgth, S0 y WIS > 75108 A TRAGL TS, () N=8 TAR S AT,
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6.3 Crossing the axis of rota
Generally speaking, the input pul) line should be located in one side against the axis of rotation, i.. the
palyline should not cross the avis, when the rotational shape Is desgned. However, this becomes
possible in the proposed system. As shown in Fig. 19, the cylinder closes where the polyline crosses
the axis because the value of a (i Fig. 11 becomes zero. This makes 1t possible to design intereating
shapes. Furthermare, a shape with this closxm. makes the model more stable. This scheme is used in
the examples shown in Fig. 14(a) and 1

™

(b)
Fig. 19: a) Input pnnlme that crosses the axis. (b) Generated sthr: from (a) with N=§.
19, (@) AN & Ligiiuik, (b) N=8 CARRE i
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7. CONCLUSION
In this paper, a method for rotational origami has been proposed and details regarding how to
generate the crease pattern from an input polyline have been described. Additionally, a system that
implements the proposed method was developed and the validity of the proposed method was
evaluated by presenting some origami models designed with the system. Furthermore, it was shown
that approximated curved origami could be designed by making the input polyline smooth. It was also
shown that, by taking account of the turning points, additional variations could be generated. This
‘method will be applicable to the design of paper art objects or industrially useful items such as gift
boxes and lampshades.
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Crease pattern of lhe e Origami Sphere (cylindrical type).
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Crease pattern of the Origami Sphere (conical type).
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